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In this work we show that homogeneous Neumann boundary 
conditions inhibit the Coleman- Weinberg mechanism for sponta- 
neous symmetry breaking in the scalar electrodynamics if the length 
of the finite region is small enough (a = e 2 M^ , where is the 
Q_[ mass of the scalar field generated by the Coleman- Weinberg mech- 

5^- anism). 
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^J- 1 Introduction 

od 1 

O ; The spontaneous symmetry breaking plays an essential role in the Higgs mecha- 

nism for the mass generation of the fundamental particles. In the standard model 
the spontaneous symmetry breaking is induced by the Higgs potential through an 
imaginary mass term inserted by hand. The arbitrariness of the Higgs potential is 
one of the weaknesses of the Higgs mechanism, since many of the physical parameters 
depend on the precise form of the Higgs potential [TJ [2] . In an alternative approach 
of Coleman- Weinberg [3], the spontaneous symmetry breaking is induced by 1-loop 
radiative corrections, rather than being inserted by hand. In the Coleman- Weinberg 
approach of the scalar electrodynamics the spontaneous symmetry breaking occurs 
when the coupling constant A of the self-interaction of the scalar field is of the 
same order of e 4 , the constant of minimal coupling, turning terms from radiative 
corrections of classical order. On the other hand, extraordinary effects arise if we 
consider the Quantum Field Theory not in the infinite space, as usual, but in the 
space restricted by some boundary surfaces with the respective boundary conditions 
satisfied by the fields or in spaces with non-Euclidean topology. Of particular in- 
terest is the restorer symmetry [U [5j El [7J [8j [9j [101 [11] . The scalar electrodynamics 
in a flat space-time with the topoloy S 1 x R 3 has been examined by T. Yoshimura 
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[T2] and D. Toms [13J. Boundary conditions introduce a new parameter, the size 
of the finite region, which changes the radiative corrections. So, it is of interest to 
consider the possibility that the spontaneous symmetry breaking in the Coleman- 
Weinberg mechanism may be inhibited by the boundary conditions. The purpose of 
this work is to find out whether Neumann boundary conditions are able to inhibit 
the Coleman- Weinberg mechanism. To this end we consider the scalar and vec- 
tor fields of the massless scalar electrodynamics satisfying homogeneous Neumann 
boundary conditions on two infinite parallel surfaces separated by some small dis- 
tance a. We show that there is a maximum length, named critical length a c , so that 
the spontaneous symmetry breaking does not occur. Although we use the scalar 
electrodynamics and Neumann boundary conditions as a first example of inspira- 
tion to achieve our final aim of investigating the possibility that boundary conditions 
inhibit the Coleman- Weinberg mechanism for the spontaneous symmetry breaking, 
the scalar electrodynamics has been used as a prototype for quantum chromody- 
namics, in which Neumann boundary conditions are present [T^l [T5] . Moreover, the 
scalar electrodynamics has been also considered, at the beginning, as the effective 
theory of matter and forces in the brane worlds [16J. So, this example may indeed 
be used for later investigation with a realistic model. Since homogeneous Neumann 
boundary conditions allow constant value of the field, we use the effective potential 
for checking if (</>) = is the vacuum (minimum) of the theory. 

The outline of our paper is as follows: in Section[2]we derive the effective potential 
for scalar electrodynamics with the scalar and vector fields satisfying homogenous 
Neumann boundary conditions on two infinite parallel plane surfaces separated by 
some small distance a. In Section [3] we calculate the first derivative of the effective 
potential and we examine the second derivative at (0) = in order to show that if the 
length of the finite region is small enough, the zero field solution is stable (vacuum), 
in consequence the spontaneous symmetry breaking is inhibited. In Section H] we 
present our conclusions. 



2 Effective Potential for the Scalar Electrodynam- 
ics 

Let us consider the theory of a massless, quartically self-interacting complex scalar 
field <p(x) minimally coupled to the electromagnetic field. The lagrangian density 
for this theory is [T7] 

C = + D^Dy - ^ (0*0) 2 - i {d^Arf - fjPdtf, (1) 

where is the covariant derivate, given by 

D„ = d li + ieA^ (2) 

necessary to keep the lagrangian invariant under transformation of the U(l) group 
and it is answerable for the minimally coupled. The fourth term is the gauge fixing 
and last one is the Faddev-Popov term in which r\ and fj denote the ghost fields. 
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The contribution to the effective potential can be somewhat simplified writing 
the complex field in terms of two real fields 4>\ an d 02- Putting 



-j= (01 + i<p 2 ) 



(3) 



and performing the usual Wick rotations (i.e. x —> —ix± and A — > iA^), the 
lagrangian (TT]), in euclidian space-time, becomes 

C = -\ {d<t> a f - \F, V F^ - 1 {d»A»f 



-e 2 A^A 



/iVara 



eeabfiaA^d^b - ^ {4>a4>b) 



where a, b = 1, 2 and e a fc is an antisymmetric tensor with ei 2 = — e 2 i = 1. 
The one-loop effective potentials is given by [131 (HI US] 



(4) 



V 



4'" 

2Q 



del ( fc 2 + 



+ §ln[det(A; 2 + e 2 ( /> 2 )] 



+ A ln[det(fc 2 + M 2 2 )] + A ln[det(A; 2 + M 2 _^\ 



where 2 = 
volume and 



. 2 Aln[det(fc 2 + m 2 )], 



(5) 



+ 



'2c 



is the classical field, f2 is the four dimensional space-time 



Ml = —± 



A 2 



(6) 

12 V 144 6 w 
We have introduced m 2 in the last term, which is due to the ghost, and then we will 
take m 2 — » at the end in order to remove the infrared divergence. 

Now we consider the fields satisfying homogeneous Neumann boundary condi- 
tions on two infinite parallel plane surfaces separated by some small distance a, 



dip 
dz 



2 = 



dip 
dz 



0. 



(7) 



where <p represents the fields <p a , A^, r\ and fj. The boundary conditions (JTj) become 
the momentum perpendicular to surfaces [z — and z = a) discrete: k z = — , where 
n — 0, 1, 2, 3, . . . , whereas others remain continuous. So, the term in order ft of the 
effective potential becomes 



V 



(i) 



1 ft 

2ft 



In det 



k 2 + 



n 2 ir 2 



3ft, , 
+ 2fi lndet 



fc 2 + 



n 2 7r 2 



+ e 



2/2 



1 ^ , , 

+ --lndet 



P + 



n 2 7v 2 



+ M 



1 ft , , 
+ 2fi lndet 



n 2 ii 2 



M 



2 J,2 



x We keep h to mark the quantum corrections, but we set h = c = 1 everywhere else. 
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i h , , 

" 2 2?! llldet 



/c 2 + 



n 2 7v 2 



+ m 



(8) 



where A = 2/3 2 and k 2 = k 2 + k 2 z . 

Now, using the procedure of the zeta function regularization j20j |21j [22] we 
obtain 
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where K v (x) are modified Bessel functions. We have introduced an unknown scale 
parameter /z, with dimensions of (length)" 1 or mass in order to keep the zeta function 
dimensionless for all s. 



3 (0 C ) = as Minimum of the V e f ((f> c ) 

Differentiating Eq. we have 

dV Pf (3 2 



3 



+ 



ft 



167T 2 

3ft 



+ 



167T 2 



167T 2 +VC 



hi 



hi 



hi 



V 2 

v 2 



In 



/r 

(M 2 _4> 2 C 



MM + JL tfy y 

8na + 4vr 2 a P ^ c ^ 

n=l 

3fte 3 2 



K x (2nl3a(j) c ) 



n 



3ft o , 9 Ki (2nead c ) 
+ — e 3 ^^^ — 



hMl(f) 2 c 

87ra 
8na 



na 4ir 2 a 
h 



n=i 

oo 



n 



An 2 a 



K x (2nM + a(f) c ) 



n=l 



n 



h M -KA2nM^_ 
A-K 2 a c ^ 



n=l 



4 



It is easy to see that (<j) c ) = is a solution to -^M- = 0. In order to see if there is 
any spontaneous symmetry breaking we take into account the second derivative of 
the effective potential at (<p c ) = 0, 



d 2 V f 



ef 



c>=0 AM 2 



+ 3e 2 . (11) 



Now, we make the assumption that is of order e 2 , since we wish to investigate if 
the homogeneous Neumann boundary conditions may inhibit the Coleman- Weinberg 
mechanism for spontaneous symmetry breaking. Then the term of order (5 2 in Eq. 
pip is negligible when compared with the term of order e 2 and we can drop it, so 



d 2 V f 



ef 



c >=o 16fl2 



ml. (12) 



When a — > oo we may set the length scale as (M^) -1 , where is the mass 
of the scalar field acquired as a result of Coleman- Weinberg mechanism, in which 
M§ fa e 2 (4>). If a ~ (M^,)" 1 then m 2 2 « e 6 (</>) 4 which is of higher order than 
the terms in 4 of the effective potential. So, it can not modify the minimum and 
spontaneous symmetry breaking takes place (see Fig. 2). If a ~ e(M^) -1 then 
m 2 (/> 2 « e 4 (0) 4 which is of the same order as the terms in c/> 4 of the effective poten- 
tial. So, we can not disregard the term in <fr 2 arising from imposing the boundary 
conditions. However, the boundary conditions do not inhibit the spontaneous sym- 
metry breaking, although they modify the minimum (see Fig. 3). If a ~ e 2 (M c / ) )~ 1 
then m 2 2 ~ e~ 2 (</>) 4 which is of lower order than the terms in (p A of the effective 
potential, therefore the terms in 4 of the effective potential are negligible when 
compared with it. Consequently the Neumann boundary conditions inhibit the 
spontaneous symmetry breaking (see Fig. 4). 

In order to illustrate our previous statements, we have plotted the effective po- 
tential given by Eq. fl9]) as function of (j) c for some values of a when f3 = For 
the sake of simplicity, we have chosen the Landau gauge (£ = 0) and, since \x is 
arbitrary parameter, we have chosen fj, = 100 GeV. 

In Fig. 1 is shown the effective potential when a — > oo. That is the Coleman- 
Weinberg result. As it is clearly seen from Fig. 1 the minimum occurs at (<f) c ) = -. 

In Fig. 2 is shown the effective potential when a = that is, a is big. As 
we expected, the minimum occurs at (0 C ) = ^ again. This is because the effects of 
the corrections of the interactions of the vacuum fluctuations with the boundary are 
much smaller than the corrections of the self-interaction of the vacuum fluctuations, 
so they are negligible. 

In Fig. 3 is shown the effective potential when a = Although a is not big, 
it is not small enough for inhibiting the spontaneous symmetry breaking. However, 
note that the minimum is shifted away from C = -. This is because the effects of 
the corrections of the interactions of the vacuum fluctuations with the boundary are 
of same order of the corrections of the self-interaction of the vacuum fluctuations, 
so they are not negligible. 



5 



my 

£00000 
100000 



-100000 
-200000 




Figure 1: V e f((f> c ) X <p c for a — > oo. SSB induced by the Coleman- Weinberg mecha- 
nism. 
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Figure 2: V e f(<p c ) X <p c for a (M^) x . The length of the finite region a is big and 
the corrections due to the boundary conditions are negligible. 




Figure 3: V e f((f> c ) X </> c for a ~ e(M^) -1 . Although the length of the finite region a 
is not big, it is not small enough for inhibiting the spontaneous symmetry breaking. 
However note that the minimum is shifted away from <fi c = -. 
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At last, in Fig. 4 is shown the effective potential when a — 4r-. As we have said, 
now the minimum occurs at (<p c ) = and the spontaneous symmetry breaking does 
not take place. In this case the effects of the corrections of the self-interaction of the 
vacuum fluctuations are much smaller than the corrections of the interactions of the 
vacuum fluctuations with the boundary, so they are negligible. This way, we can 
say the corrections of the interactions of the vacuum fluctuations with the boundary 
inhibit the spontaneous symmetry breaking. 

We have worked in the one-loop approximation. So, it is natural to wonder 
whether the inhibition of the spontaneous symmetry breaking will occur when 
higher-order terms are included in the effective potential. Although an extend- 
ing of the calculation to higher-order would be quite laborious, we can carry a rough 
estimate out. A dimensional analysis shows that the terms arising from imposing 
the boundary conditions are of the type <j) n a n ~ i (n = 0, 1, 2 . . . ), for any order of h. 
Since corrections of higher-order in h only increase the order of the coupling con- 
stants in the coefficients of the terms in powers of (fi, these terms will be negligible 
when compared with their respective terms in order of fi (if /3 is of order e 2 ). What 
makes our result reliable for all orders in h. 

It is clear from Eq. (ITTj) that our result is gauge-invariant. 



4 Conclusion 

In this paper we have studied how the homogeneous Neumann boundary con- 
ditions on the fields of the scalar electrodynamics affect the Coleman- Weinberg 
mechanism for the spontaneous symmetry breaking. We have found if the length 
of the finite region, a, is small enough in such a way that the terms in (fi 4 of the 
effective potential are negligible when compared with the term in (fi 2 arising from 
imposing the Neumann boundary conditions, the spontaneous symmetry breaking 
due to the Coleman- Weinberg mechanism is inhibited. It follows that there is a typ- 
ical length scale given by the length a c = e^M^) -1 so that for a < a c spontaneous 
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symmetry breaking does not occur. Although our result is guaranteed only in the 
one-loop approximation, a rough estimate makes it reliable to higher-order. It is 
also worth noting the fact our result is gauge-invariant (at least in the order that 
we have worked). The result obtained encourages the interest of continuing the dis- 
cussion about boundary conditions to inhibit the spontaneous symmetry breaking 
with realistic (although more difficult) situation. 
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